Abstract. Amplitude modulation of a tilted optical lattice can be used to steer the quantum transport of matter wave packets in a very flexible way. This allows the experimental study of the phase sensitivity in a multimode interferometer based on delocalization-enhanced Bloch oscillations and to probe the band structure modified by a constant force.
Introduction
Cold atoms trapped in an optical lattice represents a perfect tool to implement and study different phenomena predicted by quantum mechanics in many fields such as condensed matter and solid state physics [1] or quantum information processing [2] and to simulate gauge field theories [3] . In particular, the atomic motion in the optical lattice can be modified and driven by the external forces, like the gravitational force or a static electromagnetic field, or by perturbing the optical lattice field itself, like the presence of a phase or amplitude modulation or the scattered field associated to the presence of rough surfaces along the optical path. The interplay between the external driving force and optical lattice field modulation has been recently studied extensively with the objective of the realization of a precise force sensor [4] .
In this paper, we describe two particular phenomena concerning a driven optical lattice. The first considers the multimode interference between neighborhood quantum states populated in a optical lattice. The second phenomenon considers the experimental investigation of the multiband structure of the energy spectrum and the associated transport.
The paper is organized as follows: in Sect. 2, we briefly recall the main features of the dynamical system, i.e. a tilted optical lattice subjected to amplitude modulation of the intensity. Section 3 deals with the analysis of our multimode atom interferometer with a discussion about the interference peak width. Finally, Sect.4 shows the effect of interband resonant transitions induced by the amplitude modulation and a possible application for the study of the band structure and calibration of the trap depth. 
Quantum dynamics in driven optical lattices
We experimentally study the dynamics of non-interacting ultracold atoms of mass M in an accelerated one-dimensional optical lattice under the effect of a periodic driving of its amplitude. The effective Hamiltonian describing the system is
where a periodic potential (U 0 /2) cos(2k L z) ≡ U (z) is originated by the interference pattern of two counterpropagating laser beams with wavelength λ L = 2π/k L , U 0 is the depth of the lattice potential which is modulated with amplitude α. This system has been extensively studied both theoretically and experimentally. In the absence of the amplitude modulation (AM), the external constant force F breaks the translational symmetry due to the presence of the periodic potential U (z). This results in the formation of the so-called Wannier-Stark (WS) ladders [5] , where the eigenstates |Ψ n,j are localized quasi-stationary states constructed from the energy band of index j and centered on the lattice site of index n [6] . The quasi-energies of the jth ladder E j are centered on the average energy value of the corresponding band In this system, quantum transport occurs as interference over macroscopic regions of phase space and tunneling between different ladders. In fact, because of the phase imprint ω B t which occurs from site to site [7] , a wavepacket prepared in a superposition of WS states undergoes oscillations with angular frequency ω B both in momentum and real space and are called Bloch oscillations (BO). The BO phenomenon is very well known in atomic physics since the seminal work done by BenDahan et al. [8] and can be interpreted as a result of coherent interference among the WS states which compose the atomic wavepacket. On the other hand, it is possible that atoms subjected to BOs may undergo interband tunneling, known as Landau-Zener tunneling (LZ) [9] .
In this scenario, the periodic driving α(U 0 /2) cos(2k L z) sin(ωt) represents a flexible tool to manipulate quantum transport by inducing resonant transitions between WS states. In the case of atoms lying on the lowest energy band, resonant tunneling occurs when the atoms absorb or emit energy quantahω which satisfy the condition
where we consider the integer to be the lattice site difference between the resonantly coupled WS states. In the following, we will discuss two AM regimes: forhω E 1 −E 0 intraband resonant tunneling takes place [10] , while forhω ≥ E 1 − E 0 , it is possible to induce resonant transitions between WS ladders [11, 12] .
Intraband resonant tunneling: delocalization-enhanced Bloch oscillations
We first consider a system of an ultracold atomic gas with sub-recoil temperature under the effect of a weak constant force F and AM frequencies ω smaller than the first band gap. In this regime LZ tunneling is fully negligible, thus we drop the band index j, since under this assumption the atomic dynamics remains confined in the same initial lattice band at all times. Coherent delocalization of matter waves by means of intraband resonant tunneling is established when near-resonant modulation is applied, i.e. ω ω B .
It is possible to demonstrate that the Hamiltonian (1) can be rewritten as
where δ = ω − ω B is the detuning and J = (αU 0 /2) Ψ n+ | cos(2k L z)|Ψ n represents the tunneling rate. In this condition, the system exhibits a strict analogy with the Hamiltonian of a static lattice in the presence of an effective homogenous force of magnitude F δ =hδ/( d).
In the case of small detunings (δ = 0), the transport dynamics is characterized by Bloch oscillations with time period 2π/δ, which was first observed through macroscopic oscillations of atomic wavepackets [13] , and later studied with non-interacting Bose-Einstein condensates (BECs) [14] . In the other case with δ = 0, the system is invariant under discrete translations, and coherent delocalization occurs, with the atomic wavepackets spreading ballistically in time. This results in a broadening of the width of the atomic spatial distribution according to σ(t) ≈ J d t/h [10] .
Hence, this system is a perfect tool to engineer matter-wave transport over macroscopic distances in lattice potentials with high relevance to atom interferometry.
Interband resonant tunneling: Wannier-Stark spectroscopy
Whenhω ≥ E 0 −E j , AM can drive resonant interband transitions [15, 16] . In particular, in the dynamical system depicted in Eq.1, it is possible to induce resonant transitions between WS ladders [11, 12] . In this regime, it is not possible to neglect the non-zero lifetime of the excited ladders due to the LZ tunneling effect, which becomes the governing quantum transport phenomenon. Then the measurement of the number of remaining atoms after modulation of the trap depth (which is proportional to the survival probability P (ω)) provides a direct observation of the WS ladders spectrum. If the AM is applied for a time t mod , the fraction of remaining atoms inside the optical lattice is given by
where the coefficients C j, = Ψ j,n+ | cos(2k L z)|Ψ 0,n are the real-valued overlap integrals between resonantly-coupled WS states (only transitions from the first ladder "0" are considered),
In the case of a strong tilt, i.e. F d E r , it is possible to resolve each single resonance occurring at ω B +(E 0 −E j )/h and thus measure ω B with high precision [17] . In the opposite regime, i.e. F d E r , the depletion spectrum will present a comb of resonances around the WS ladder central frequencies ω 0,j = (E j − E 0 )/h. In this case, the external force represents only a small perturbation to the band structure and interband transitions may probe the band energy dispersion [18] .
A multimode atom interferometer: DEBO phase sensitivity
Let us first consider our system consisting of a tilted optical lattice as an example of multimode matter-wave interferometer. As previously stated in Sect. 2, a wavepacket which occupies N lattice sites can be viewed as a coherent superposition of N -WS states evolving with a Bloch phase θ B (t) = n ω B t = π k L k(t). In the case of a BEC, the number of coherent WS states is N σ BEC /d, which can interfere in time-of-flight (TOF). By increasing the number of populated lattice sites N , it is predicted an enhancement of the Bloch phase determination inferred by a least-squares fit as [19] 
where m is the number of repetitions of the experiment and N at is the number of atoms. The latter formula has an evident confirmation if we consider that the width of the interference peak ∆k ∝ 1/N . The enhancement of the Bloch phase sensitivity in an incoherent ensemble of ultracold atoms, which lets high precision measurements of gravity by means of the delocalization-enhanced Bloch oscillation (DEBO) technique [20, 4] , is also based on the increase of the number of populated lattice sites N . Here we analyze our previous experimental data and perform numerical calculations about DEBO multimode interferometer in order to quantitatively validate Eq.5 as predicted by Ref. [19] . The DEBO technique consists of broadening of each atomic wavefunction by means of a resonant AM burst for a time interval t mod , so that the wavefunction is delocalized over N J 1 t mod /h lattice sites. After evolving in the lattice, the atoms are suddenly released to produce a narrow interference pattern which occurs at the transient time
. We realize the multimode interferometer as follows: we load an ensemble of 5 · 10 4 ultracold 88 Sr atoms at 1 µK temperature into a vertical optical lattice with λ L = 532 nm accelerated by the gravity force. Here the temperature reduces up to T ∼ 0.6 µK by evaporation, so that the atoms fill only the lowest band. We then apply a servocontrolled AM burst with ω = ω B delocalizing the atom's wavefunction over N = 100 and 140 lattice sites. Figure 1 shows a typical density profile after TOF detection of the DEBO interference peak. Here a narrow peak emerges from a broad distribution which reflects the WS momentum density which is flat over the whole Brillouin zone. Typical results for our experiment are ∆k = 0.18 k L (blue circles) which corresponds to an error on the momentum σ k = 1.6·10 −2 k L and thus on the Bloch phase ∆θ B = 5·10 −2 rad. We compare this result with the typical sensitivity on the Bloch phase of a 88 Sr gas without the use of the DEBO technique, where N ∼ 2 is given by the thermal de Broglie wavelength. In the inset of Fig. 1 we plot the Bloch phase uncertainty (red squares) by means of DEBO technique for different values of N, and we find that the error on the phase decreases as ∆θ B ∝ N −0.7 . We investigated the DEBO phase sensitivity also by numerical calculations. We calculated the single wavefunction at the end of the DEBO sequence for different values of N and then we performed a Gaussian least-squares fit to estimate the resulting ∆k. The dashed line in Fig. 1 shows that the dependence on the number of populated lattice sites is ∆k ∝ N −3/4 . However, this curve is still below the minimum detectable atomic cloud width which correspond to the initial cloud size σ z (solid line): by increasing the amplitude of the wavefunction, and thus of the interference time τ trans , the relative weight of σ z decreases as 1/N .
Comparing the numerical calculations with the experimental data, we see that the experimental ∆k is about a factor of 3 higher than the σ z limit, mainly due to the interference pattern visibility V ≡ (OD(max) − OD(min))/OD(max) + OD(min)) ∼ 0.6 [21] , where OD is the optical density of the atomic sample during absorption imaging. Regarding the Bloch phase error, we can approximate ∆θ B ∆z 0 ∆k/V, where ∆z 0 ∼ 5% is the relative error on the initial atomic cloud position, which is the major source of uncertainty on the determination of the interference peak.
Amplitude-modulation induced interband transitions and transport analysis
We have experimentally investigated AM-induced interband transitions in a vertical optical lattice on the same experimental setup as described in Sect. 3. In this case, we performed in-situ WS ladders spectroscopy by applying an AM perturbation to the depth of the lattice potential with α = 5.3 % for a modulation time t mod = 250 ms. We used the AM driving as probing field, scanning its frequency between 15 and 80 kHz and then counting the number of atoms remaining in the lattice by absorption imaging. The depth of the lattice was U 0 = 2.5 E r , where U 0 has been calibrated as described in Ref. [4] and the recoil energy E r = 8 kHz ×h. Given these numbers, we estimate that the interband transitions are centered around ω 0,1 = 20 kHz and ω 0,2 = 51 kHz. Figure 2 shows the fraction of remaining atoms as a function of the modulation frequency. Here we can notice two broad depletion features centered at about 20 kHz and 45 kHz, while a deep and narrow resonance occurs at 37 kHz.
We compare the observed spectrum with the expected positions of the interband transitions by superimposing two colored regions on it, which correspond to the expected frequencies at which transitions to the first and second excited bands ("I" and "II" in Fig.2, respectively) should occur with ∆k = 0. In particular, in the frequency range between 15 and 30 kHz we observe a symmetric depletion centered around ω = ω 0,1 which approximatively corresponds to the first excited band. At about ω = 30 kHz there is a local maximum of the fraction of remaining atoms, while the expected gap should appear at 34 kHz. For ω > 34 kHz, there is a second wide depletion region which corresponds to transitions to the second excited band. However, in this case we notice a marked asymmetry with the minimum P (ω) region close to the gap frequency. Finally, the largest resonance peak occurs at 37 kHz which is about 2ω 0,1 , with a linewidth of about 2 kHz. Regarding the interband transitions to the first excited band, in our regime of a weak tilt on a shallow optical lattice (ω B = 574 Hz U 0 ), the expected LZ linewidth is Γ 1 = 360 Hz, which is comparable to the Bloch frequency. Hence, it is not possible to resolve the ladder resonances and the presence of several accessible vertical states is responsible of the broad resonance feature. If we look at the interband transitions to second excited band, we expect that its WS states are fully delocalized so that the ladder is no longer discrete. Then the deepest resonance should be due to a parametric excitation mechanism with one of those states [15] . We also notice that the asymmetry in the excited fraction of atoms at the beginning of the band (k 0) is also present both in the numerical calculation carried on Ref. [12] (although the calculation is performed for a phase-modulated lattice) and in the experimental data reported in [18] (although this experiment does not employ a tilted optical lattice).
Since we employ the system for high sensitivity quantum transport measurements, we also observed the corresponding in-situ broadening of the spatial atomic distribution as a function of the applied AM frequency. The result is shown in Fig.3 . Here it is possible to observe two transport resonances at 19.9(3) kHz and 37.5(3) kHz. The amplitudes of these resonances range only between 5 and 9 lattice sites d. By observing the fluctuations of the rms width of the atomic cloud σ 0 , we find that they follow a Gaussian statistics with standard deviation ∆σ 0 < 2 d. Then the two broadening amplitudes are both larger than 2∆σ 0 .
The observed transport resonance widths are of the order of 2 kHz, which is larger than the natural LZ linewidth Γ 1 . However, in the case of the first resonance, this can be the result of the merging of several transitions with || > 0. Assuming that this resonance corresponds to ω 0,1 , we can calculate the corresponding trap depth value. We find that for ω 0,1 = 19.9(3) kHz, the lattice depth is 2.54(4) E r , which is in agreement with the calibration method of Ref. [4] and has the same relative precision.
Conclusions and outlook
In this paper we reported on two applications of quantum transport in a driven optical lattice, the first concerning the use of AM at the Bloch frequency to study Regarding the interband transitions to the first excited band, in our regime of a weak tilt on a shallow optical lattice (ω B = 574 Hz U 0 ), the expected LZ linewidth is Γ 1 = 360 Hz, which is comparable to the Bloch frequency. Hence, it is not possible to resolve the ladder resonances and the presence of several accessible vertical states is responsible of the broad resonance feature. If we look at the interband transitions to second excited band, we expect that its WS states are fully delocalized so that the ladder is no longer discrete. Then the deepest resonance should be due to a parametric excitation mechanism with one of those states [15] . We also notice that the asymmetry in the excited fraction of atoms at the beginning of the band (k 0) is also present both in the numerical calculation carried on Ref. [12] (although the calculation is performed for a phase-modulated lattice) and in the experimental data reported in [18] (although this experiment does not employ a tilted optical lattice).
The observed transport resonance widths are of the order of 2 kHz, which is larger than the natural LZ linewidth Γ 1 . However, in the case of the first resonance, this can be the result of the merging of several transitions with | | > 0. Assuming that this resonance corresponds to ω 0,1 , we can calculate the corresponding trap depth value. We find that for ω 0,1 = 19.9(3) kHz, the lattice depth is 2.54(4) E r , which is in agreement with the calibration method of Ref. [4] and has the same relative precision.
In this paper we reported on two applications of quantum transport in a driven optical lattice, the first concerning the use of AM at the Bloch frequency to study the sensitivity of a multimode atom interferometer, the second concerning the AM excitation of interband transitions. We compared the predicted ∆θ B ∝ N −1 reduction of the phase uncertainty [19] with the performances of our system of incoherent ultracold Sr gas by means of the DEBO technique. In our case, we observed a valuable increase of sensitivity which scales nearly as N −0.7 . This scaling law is confirmed by numerical calculations, where the interference peak width ∆k ∝ N −3/4 . The reduced exponent in the DEBO case can be due to the non-uniform probability of being at a particular lattice site.
We then studied the response of the atomic system at modulation frequencies larger than the frequency separation between the lowest and the excited bands. We observed a clear frequency-dependent depletion of the lattice population, with the emergence of a gap between the first and the second band. A similar experiment was recently carried out to measure local gravity [22] , where the WS spectroscopy was performed by means of Raman transitions instead of AM of the lattice potential, but in this case the band structure was not resolved. We also observed a weak broadening of the atomic spatial distribution at two different modulation frequencies. The first of these corresponds to the center of the first excited band. Using this transport resonance, we calibrated the lattice depth with 5% relative uncertainty. Further numerical investigation could provide a better model for either the depletion spectrum and the presence of transport resonances which can become a useful tool to perform band spectroscopy, as done in the case of degenerate Fermi gases [18] .
